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We propose a new characterization of non-Markovian quantum evolution based on the concept of
non-Markovianity degree. It provides an analog of a Schmidt number in the entanglement theory
and reveals the formal analogy between quantum evolution and the entanglement theory: Markovian
evolution corresponds to a separable state and non-Markovian one is further characterized by its
degree. It enables one to introduce a non-Markovinity witness – an analog of an entanglement
witness – and a family of measures – an analog of Schmidt coefficients – and finally to characterize
maximally non-Markovian evolution being an analog of maximally entangled state. Our approach
allows to classify the non-Markovianity measures introduced so far in a unified rigorous mathematical
framework.
PACS numbers: 03.65.Yz, 03.65.Ta, 42.50.Lc
Introduction — Open quantum systems and their
dynamical features are attracting increasing attention
nowadays. They are of paramount importance in the
study of the interaction between a quantum system and
its environment, causing dissipation, decay, and decoher-
ence [1–3]. On the other hand, the robustness of quantum
coherence and entanglement against the detrimental ef-
fects of the environment is one of the major focuses in
quantum-enhanced applications, as both entanglement
and quantum coherence are basic resources in modern
quantum technologies, such as quantum communication,
cryptography, and computation [4]. Recently, much ef-
fort was devoted to the description, analysis and classi-
fication of non-Markovian quantum evolution (see e.g.
[5]–[18] and the collection of papers in [19]). In par-
ticular various concepts of non-Markovianity were intro-
duced and several so called non-Markovianity measures
were proposed. The main approaches to the problem of
(non)Markovian evolution are based on divisibility [9–
11], distinguishability of states [12], quantum entangle-
ment [10], quantum Fisher information flow [13], fidelity
[14], mutual information [15, 16], channel capacity [17],
and geometry of the set of accessible states [18].
In this Letter we accept the definition based on di-
visibility [9]: the quantum evolution is Markovian if the
corresponding dynamical map Λt is CP-divisible, that is,
Λt = Vt,sΛs , (1)
and Vt,s provides a family of legitimate (completely pos-
itive and trace-preserving) propagators for all t ≥ s ≥ 0.
The essential property of Vt,s is the following composition
law Vt,s Vs,u = Vt,u, for all t ≥ s ≥ u. It provides a nat-
ural generalization of a semigroup law etLesL = e(t+s)L.
Interestingly, the very property of CP-divisibility is fully
characterized in terms of the time-local generator Lt: if
Λt satisfies time-local master equation Λ˙t = LtΛt, then
Λt is CP-divisible iff Lt has the standard Lindblad form
for all t ≥ 0, i.e.
Ltρ = −i[H(t), ρ]+
∑
α
(
Vα(t)ρV
†
α (t)−
1
2
{V †α (t)Vα(t), ρ}
)
,
with time-dependent Lindblad (noise) operators Vα(t)
and time-dependent effective system Hamiltonian H(t)
[3, 20, 21]. A very appealing concept of Markovianity
was proposed by Breuer, Lane and Piilo (BLP) [12]: Λt
is Markovian if
σ(ρ1, ρ2; t) =
d
dt
||Λt(ρ1 − ρ2)||1 ≤ 0 , (2)
for all pairs of initial states ρ1 and ρ2. BLP
call σ(ρ1, ρ2; t) an information flow and interpret
σ(ρ1, ρ2; t) > 0 as a backflow of information from the en-
vironment to the system which clearly indicates the non-
Markovian character of the evolution. As usual ||X ||1
denotes the trace norm of X , i.e. ||X ||1 = Tr
√
XX†. It
turns out that CP-divisibility implies (2) but the converse
needs not be true [22–24].
In this Letter we propose a more refined approach to
non-Markovian evolution. We reveal the formal analogy
with the entanglement theory: Markovian evolution cor-
responds to separable state and non-Markovian evolu-
tion is characterized by a positive integer — the non-
Markovianity degree — corresponding to the Schmidt
number of an entangled state. The notion of non-
Markovianity degree enables one to introduce a family
of measures and finally to characterize maximally non-
Markovian evolution being an analog of maximally en-
tangled state.
Schmidt number and k-positive maps — Let us recall
that a state of a composite quantum system may be
uniquely characterized by its Schmidt number [25, 26]:
for any normalized vector ψ ∈ H⊗H let SR(ψ) de-
note the Schmidt rank of ψ, i.e. a number of non-
vanishing Schmidt coefficients in the decomposition ψ =∑
k skek⊗ fk, with sk > 0 and
∑
k s
2
k = 1. Now, for any
density operator ρ one defines its Schmidt number by
SN(ρ) = min
pk,ψk
{max
k
SR(ψk)} , (3)
where the minimum is performed over all decompositions
ρ =
∑
k pk|ψk〉〈ψk| with pk > 0 and
∑
k pk = 1. Let
2Sk = { ρ | SN(ρ) ≤ k }. One has
S1 ⊂ S2 ⊂ . . . ⊂ Sn , (4)
where S1 denotes a set of separable states and Sn de-
notes a set of all states in H⊗H. Note that a maximally
entangled state ψ satisfies λ1 = . . . = λn and the corre-
sponding projector |ψ〉〈ψ| defines an element of Sn. The
Schmidt number does not increase under local operation,
i.e. SN([E1⊗E2]ρ) ≤ SN(ρ), where E1 and E2 are arbi-
trary quantum channels. Moreover, if Φ is a k-positive
map, i.e. 1lk ⊗Φ is positive, then for any ρ ∈ Sk one has
[1lk ⊗Φ](ρ) ≥ 0 (1lk denotes an identity map acting in
Mk — the space of k×k complex matrices). This simple
property establishes a duality between k-positive maps
and quantum bipartite states with the Schmidt number
bounded by k.
Non-Markovianity degree — The notion of k-positive
maps enables one to provide a natural generalization of
CP-divisibility: we call a dynamical map Λt k-divisible
iff Vt,s is k-positive for all t ≥ s ≥ 0. Hence, n-
divisible maps are CP-divisible and 1-divisible are simply
P-divisible, i.e. Vt,s is positive. Now, we introduce a de-
gree of non-Markovianity which is an analog of a Schmidt
number: a dynamical map Λt has a non-Markovianity
degree NMD[Λt] = k iff Λt is (n−k) but not (n+1−k)–
divisible. It is clear that Λt is Markovian iff NMD[Λt] = 0
and essentially non-Markovian iff NMD[Λt] = n. Denot-
ing by Nk = {Λt | NMD[Λt] ≤ k }, one has a natural
chain of inclusions
N0 ⊂ N1 ⊂ . . . ⊂ Nn−1 ⊂ Nn , (5)
where N0 denotes Markovian maps and Nn all dynam-
ical maps. The characterization of k-divisible maps is
provided by the following
Theorem 1 If Λt is k-divisible, then
d
dt
||[1lk⊗Λt](X)||1 ≤ 0 , (6)
for all operators X ∈Mk⊗B(H).
For the proof see Supplementary material. In particular
all k-divisible maps (k = 1, . . . , n) satisfy
d
dt
||Λt(X)||1 ≤ 0 , (7)
for all X ∈ B(H). Note, that BLP condition (2) is a spe-
cial case of (7) with X being traceless Hermitian opera-
tor. It is, therefore, clear that BLP condition is weaker
than all conditions in the hierarchy (6) and it is satisfied
for all k-divisible maps not necessarily CP-divisible. Ac-
cording to our definition of Markovianity (Markovianity
= CP-divisibility) k-divisible maps which are not CP-
divisible are clearly non-Markovian. However, such non-
Markovian evolution always satisfy (7). We propose to
call such dynamical maps weakly non-Markovian. Dy-
namical map which is even not P-divisible will be called
essentially non-Markovian. Hence, Λt is weakly non-
Markovian iff Λt ∈ Nn−1 − N0 and it is essentially non-
Markovian iff Λt ∈ Nn −Nn−1. Using the notion of de-
gree of non-Markovianity Λt is weakly non-Markovian iff
0 < NMD[Λt] ≤ n−1 and it is essentially non-Markovian
iff NMD[Λt] = n. Note that maps which violate BLP con-
dition are always essentially non-Markovian. Similarly, if
Λt is at least 2-divisible, then the relative entropy satis-
fies the following monotonicity property [32]
d
dt
S(Λt(ρ1)||Λt(ρ2)) ≤ 0 , (8)
for any pair ρ1 and ρ2. The violation of (8) means that
Λt is at most P-divisible or essentially non-Markovian.
Non-Markovianity witness — Actually, if Λt is invert-
ible, then it is k-divisible if and only if (6) holds. Clearly,
a generic map is invertible (all its eigenvalues are differ-
ent from zero) and hence this result is true for a generic
dynamical map (a notable exception is Jaynes-Cummings
model on resonance [1, 27]). Hence, if (6) is violated for
some t > 0, then Λt is not k-divisible or equivalently
NMD[Λt] > n−k. It is, therefore, natural to call such X
a non-Markovianity witness in analogy to the well known
concept of an entanglement witness. Recall, that a Her-
mitian operator W living in H⊗H is an entanglement
witness [25] iff i) 〈Ψ|W |Ψ〉 ≥ 0 for all product vectors
Ψ = ψ⊗φ and ii) W is not a positive operator, i.e. it
possesses at least one negative eigenvalue. Similarly, W
is a k-Schmidt witness [28] if 〈Ψ|W |Ψ〉 ≥ 0 for all vec-
tors Ψ = ψ1⊗φ1 + . . .+ψk ⊗φk, that is, if Tr(ρW ) < 0,
then ρ is entangled and moreover SN(ρ) > k. Note, that
if X ≥ 0, then (6) is always satisfied due to the fact
that ||[1lk⊗Λt](X)||1 = ||X ||1. Hence, similarly as W ,
a non-Markovianity witness X has to possess a negative
eigenvalue.
Non-Markovianity measures — The above construc-
tion allows to define a series of natural measures measur-
ing departure from k-divisibility:
Mk[Λt] = sup
X
N+k [X ]
|N−k [X ]|
, (9)
where
N+k [X ] =
∫
λk(X;t)>0
λk(X ; t)dt ,
and similarly for N+k [X ] (where now one integrates over
time intervals such that λk(X ; t) < 0), and
λk(X ; t) =
d
dt
||[1lk ⊗Λt](X)||1 . (10)
The supremum is taken over all Hermitian X ∈
Mk⊗B(H). Note that∫ ∞
0
d
dt
||[1lk⊗Λt](X)||1 dt
= ||[1lk ⊗Λ∞](X)||1 − ||X ||1 ≤ 0 ,
3and hence |N−[Λt]| ≥ N+[Λt| which proves that
Mk[Λt] ∈ [0, 1]. Clearly, if l > k, then Ml[Λt] ≥Mk[Λt]
and hence
0 ≤M1[Λt] ≤ . . . ≤Mn[Λt] ≤ 1 ,
which provides an analog of a similar relation among the
Schmidt coefficients s1 ≥ . . . ≥ sn. Now, following the
analogy with an entanglement theory, we may call Λt
maximally non-Markovian iffM1[Λt] = 1 which immedi-
ately implies
M1[Λt] = . . . =Mn[Λt] = 1 , (11)
in a perfect analogy with maximally entangled state cor-
responding to s1 = . . . = sn.
Examples — Let us illustrate the above introduced no-
tions by a few simple examples.
Example 1 Consider pure decoherence of a qubit system
described by the following local generator
Lt(ρ) =
1
2
γ(t)(σzρσz − ρ) , (12)
The corresponding evolution of the density matrix reads
ρt =
(
ρ11 ρ12e
−Γ(t)
ρ12e
−Γ(t) ρ22
)
, (13)
where Γ(t) =
∫ t
0 γ(τ)dτ . The evolution is completely
positive iff Γ(t) ≥ 0 and it is k-divisible (k = 1, 2) iff
γ(t) ≥ 0. Taking X = σx one finds ||Λt(X)||1 = 2e−Γ(t).
Observe that
|N−[Λt]| = N+[Λt] + e−Γ(∞) − 1 , (14)
and hence if Γ(∞) = 0 the evolution is maximally non-
Markovian. Note, that Γ(∞) = 0 implies that ρt → ρ,
that is, asymptotically one always recovers an initial state
– perfect recoherence. Actually, this example may be im-
mediately generalized as follows: let L be a Lindblad gen-
erator and consider a time-dependent generator defined
by Lt = γ(t)L. Now, Lt gives rise to a legitimate quan-
tum dynamical map iff Γ(t) ≥ 0 and it is k-divisible
(k = 1, 2, . . . , n) iff γ(t) ≥ 0. The corresponding dy-
namics is maximally non-Markovian if Γ(∞) = 0.
Example 2 Consider the qubit dynamics governed by
the time-dependent generator
Lt(ρ) =
1
2
3∑
k=1
γk(t)(σkρσk − ρ) . (15)
It is clear that (15) provides simple generalization of (12)
by introducing two additional decoherence channels. The
corresponding dynamical map reads
Λt(ρ) =
3∑
α=0
pα(t)σαρσα , (16)
where σ0 = I, and the probability distribution pα(t) is
defined as follows
p0(t) =
1
4
[1 + λ3(t) + λ2(t) + λ1(t)] ,
p1(t) =
1
4
[1− λ3(t)− λ2(t) + λ1(t)] ,
p2(t) =
1
4
[1− λ3(t) + λ2(t)− λ1(t)] ,
p3(t) =
1
4
[1 + λ3(t)− λ2(t)− λ1(t)] ,
where λ1(t) = e
−[Γ2(t)+Γ3(t)] and similarly for λ2(t) and
λ3(t). Finally, Γk(t) =
∫ t
0 γk(τ)dτ . Again, the map Λt
is completely positive iff Γk(t) ≥ 0 for k = 1, 2, 3. In-
terestingly, in this example there is an essential differ-
ence between CP-divisibility (= Markovianity) and only
P-divisibility: CP-divisibility is equivalent to
γ1(t) ≥ 0 , γ2(t) ≥ 0 , γ3(t) ≥ 0 , (17)
whereas P-divisibility is equivalent to much weaker con-
ditions [31]
γ1(t) + γ2(t) ≥ 0 ,
γ1(t) + γ3(t) ≥ 0 , (18)
γ2(t) + γ3(t) ≥ 0 ,
for all t ≥ 0. Actually, the BLP condition reproduces
(18). Now, violation of at least one inequality from (18)
implies essential non-Markovianity. Suppose for example
that γ2(t)+ γ3(t)  0. Assuming that Γ2(∞) = Γ3(∞) =
0 one finds that M1[Λt] = 1, that is, Λt is maximally
non-Markovian. Interestingly, if there are at most two
decoherence channels, then there is no difference between
CP- and P-divisibility. Note, that random unitary dy-
namics (16) is unital, i.e. Λt(I) = I and hence during the
evolution the entropy never decreases S(Λt(ρ)) ≥ S(ρ)
for any initial qubit state ρ. One easily shows that P-
divisibility is equivalent to
d
dt
S(Λt(ρ)) ≥ 0 , (19)
for any qubit state ρ. Hence, for any weakly non-
Markovian random unitary dynamics the von Neumann
entropy monotonically increases. Violation of (19)
proves that Λt is essentially non-Markovian.
Example 3 Consider a qubit dynamics governed by the
following local generator
Lt = γ+(t)L+ + γ−(t)L− , (20)
where
L+(ρ) =
1
2
([σ+, ρσ−] + [σ+ρ, σ−]) ,
L−(ρ) =
1
2
([σ−, ρσ+] + [σ−ρ, σ+]) ,
4with σ+ = |2〉〈1| and σ− = |1〉〈2|. L+ generates pumping
from the ground state |1〉 to an excited state |2〉 and L−
generates a decay from |2〉 to |1〉. One shows that Lt
generates legitimate dynamical map iff
0 ≤
∫ t
0
γ±(s)e
Γ(s)ds ≤ eΓ(t) − 1 , (21)
where Γ(t) =
∫ t
0
[γ−(τ)+γ+(τ)]dτ . In particular it follows
from (21) that Γ(t) ≥ 0. Now, Λt is CP-divisible iff
γ−(t) ≥ 0 , γ+(t) ≥ 0 , (22)
and it is P-divisible iff
γ−(t) + γ+(t) ≥ 0 . (23)
Note, that (22) implies (21). However, it is not true for
(23), i.e. P-divisibility requires both (21) – it guarantees
that Λt is completely positive – and (23).
Bloch equations and P-divisibility — The above exam-
ples illustrating qubit dynamics may be easily rewritten
in terms of the Bloch vector xk(t) = Tr[σkΛt(ρ)]. Exam-
ple 2 gives rise to
d
dt
xk(t) = − 1
Tk(t)
xk(t) , k = 1, 2, 3 , (24)
where T1(t) = [γ2(t) + γ3(t)]
−1, and similarly for T2(t)
and T3(t). Quantities Tk(t) correspond to local relaxation
times. It is therefore clear that P-divisibility is equiva-
lent to Tk(t) ≥ 0 for k = 1, 2, 3. Hence, CP-divisibility
requires that all local decoherence rates satisfy γk(t) ≥ 0,
whereas P-divisibility requires only Tk(t) ≥ 0. Note, that
CP-divisibility is equivalent to P-divisibility plus three
extra conditions
1
T1
+
1
T2
≥ 1
T3
,
1
T1
+
1
T3
≥ 1
T2
,
1
T2
+
1
T3
≥ 1
T1
.
Finally, let us observe that the initial volume of the Bloch
ball shrinks during the evolution according to
V (t) = e−[Γ1(t)+Γ2(t)+Γ3(t)]V (0) ,
where V (t) denotes a volume of the set of accessible
states at time t. Authors of [18] characterized non-
Markovian evolution as a departure from d
dt
V (t) ≤ 0.
One has d
dt
V (t) = −[γ1(t) + γ2(t) + γ3(t)]V (t) and hence
d
dt
V (t) ≤ 0 iff
γ1(t) + γ2(t) + γ3(t) ≥ 0 . (25)
This condition is much weaker than (18). To violate (25)
the evolution has to be essentially non-Markovian (i.e.
Λt can not be even P-divisible).
A similar conclusion may be drawn from Example 3:
the corresponding Bloch equations read
d
dt
x1(t) = − 1
T⊥(t)
x1(t) ,
d
dt
x2(t) = − 1
T⊥(t)
x2(t) , (26)
d
dt
x3(t) = − 1
T||(t)
x3(t) + ∆(t) ,
where ∆(t) = [γ+(t) − γ−(t)], and T⊥(t) = 2/[γ−(t) +
γ+(t)] and T||(t) = T⊥(t)/2 are transverse and longi-
tudinal local relaxation times, respectively. Again, P-
divisibility is equivalent to T⊥, T||(t) ≥ 0 provided that
the Bloch vector stays within a Bloch ball.
Conclusions— In this Letter we provided further char-
acterization of non-Markovian evolution in terms of non-
Markovianity degree. This simple concept, being an ana-
log of the Schmidt number in the entanglement theory,
enables one to compare quantum evolutions and finally
to define a maximally non-Markovian evolution being an
analog of a maximally entangled state.
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SUPPLEMENTARY MATERIAL
Let Λt be an invertible map. We prove that Λk is
k-divisible if and only if the formula (6) holds for all
Hermitian X ∈Mk⊗B(H). We use the following [30]
Lemma 1 If Φ : B(H)→ B(H) is trace-preserving, then
Φ is positive if and only if
||Φ(X)||1 ≤ ||X ||1 ,
for all Hermitian X ∈ B(H).
Assuming that Λt is k-divisible one has
d
dt
||[1lk ⊗Λt](X)||1
= lim
ǫ→ 0+
1
ǫ
[
||[1lk ⊗Λt+ǫ](X)||1 − ||[1lk ⊗Λt](X)||1
]
= lim
ǫ→ 0+
1
ǫ
[
||[1lk ⊗Vt+ǫ,tΛt](X)||1 − ||[1lk ⊗Λt](X)||1
]
≤ lim
ǫ→ 0+
1
ǫ
[
||[1lk ⊗Λt](X)||1 − ||[1lk⊗Λt](X)||1
]
= 0 ,
where we have used k-divisibility of Λt, i.e.
Λt+ǫ = Vt+ǫ,tΛt ,
with Vt+ǫ,t being k-positive and the Lemma 1 for a pos-
itive and trace-preserving map 1lk ⊗Vt,t+ǫ
||[1lk ⊗Vt+ǫ,t Λt](X)||1 = ||[1lk⊗Vt+ǫ,t][(1lk ⊗Λt)(X)]||1
≤ ||[1lk⊗Λt](X)||1 .
To prove the converse result let Y = [1lk ⊗Λt](X). Now,
if d
dt
||[1lk⊗Λt](X)||1 ≤ 0, then
||[1lk ⊗Vt+ǫ,t](Y )||1 ≤ ||Y ||1 .
Assuming that Λt is invertible we proved that 1lk ⊗Vt+ǫ,t
is a contraction on all Hermitian elements Y ∈
Mk⊗B(H) and hence, due to the Lemma 1, 1lk ⊗Vt+ǫ,t
is positive or, equivalently, Vt+ǫ,t is k-positive.
